The M-ideal structure of some algebras of 
bounded linear operators 



Nigel J. Kalton and Dirk Werner 



Abstract. Let 1 < p, q < oo. It is shown for complex scalars that 
there are no nontrivial M-ideals in C(L p [0, 1]) if p ^ 2, and /C(£ p (£™)) 
is the only nontrivial M-ideal in (£")). 



1. Introduction 

A subspace J of a Banach space X is called an M-ideal if there is an l\- 
direct decomposition of the dual space X* of X into the annihilator J 1 - of 
J and some subspace V C X*: 

X* = J x 0i V; 

it is called nontrivial if {0} ^ J / J. This notion was introduced by Alfsen 
and Effros p| and has proved useful in Banach space geometry, approxima- 
tion theory and harmonic analysis; see |TI| for a detailed account. 

A number of authors have studied the M-ideal structure in C(X), the 
space of bounded linear operators on a Banach space X, with special em- 
phasis on the question whether )C(X), the subspace of compact operators, 
is an M-ideal; see for instance g, §J, |], 0, 0, @, 0, @, Q, 



[18], [21], 22], [24 1 or Chapter VI in [p^] . In particular we mention the facts 
that, for a Hilbert space H, the M-ideals of C(H) coincide with its closed 
two-sided ideals |2(J and that, for a subspace X of £ p , JC(X) is an M-ideal 



in C(X) if and only if X has the metric compact approximation property 

In this paper we show that in many cases the ideal of compact operators 
is the only candidate for an M-ideal in C(X). For X = £ p this was done 
by Flinn §. For the function space L p = L p [0, 1] it has long been known 
that the compact operators do not form an M-ideal if p ^ 2 ( |i~4jl or, for 
another approach, fi"7|| ); in (l^, p. 252] the problem is posed to determine 
the M-ideal structure of C(L P ) completely. This is done in section 2 where 
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we prove that there are no nontrivial M-ideals in the algebra of operators 
on the complex space L p , p 7^ 1, 2, 00. In section 3 we study the M-ideals in 
C(£ p (£g)), for 1 < p, q < 00. We show, for complex spaces again, that here 
the compact operators form the only M-ideal, thus proving a conjecture of 
Cho and Johnson [||. (Here, as usual, i p (E n ) denotes the £p-direct sum 
of the Banach spaces E n , i.e., £ p (E n ) consists of all sequences of vectors 
x n G E n such that ||(x n )|| = (£ ||a? n f < 00.) 

For our arguments we need the notion of the (spatial) numerical range 
of an operator T on a complex Banach space E. This is the set 

V{T) = {x*{Tx): \\x*\\ = \\x\\ = x*(x) = 1}. 

The operator T is called hermitian if V(T) C R. It is a well-known fact that 
an operator on L p for p 7^ 2 is hermitian if and only if it is a multiplication 
operator, i.e., Tf = hf for some real-valued h E L^. (See j| and || for 
details.) 

Acknowledgement. This work was done while the second-named author 
was visiting the University of Missouri, Columbia. It is his pleasure to 
express his gratitude to all those who made this stay possible. 

2. M-IDEALS OF OPERATORS ON L p [0, 1] 

To prove the main result of this section, Theorem |2,4| , we will need the 
following lemmas. 

Lemma 2.1 For all e > there is some 5 > such that whenever A and 
B are operators on a complex Banach space satisfying ||sinA|| < 1 — 8, 
|| sin B || < 1, arcsin(sin A) = A, arcsin(sinS) = B and \\ sin A — sinl?|| < 5, 
then \\A — B\\ < e. The condition arcsin(sinA) = A holds ifV(A) C R := 
[-0.1,1.1] x [-0.1, 0.1] i. 

Proof. Consider the power series expansion 

00 

arcsinz = CkZ k , \z\ < 1, 
k=l 

in which all > 0. Since sin A is contractive, the series J2 c k{si^-A) k con- 
verges, and the operator arcsin(sin^4) is defined (likewise for B). 
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Write v = sin A, u = sinl?, w = u — v. By the uniform continuity of the 
arcsin-function on [0, 1] we conclude for sufficiently small 5 



\B-A\ 



arcsin(w + w) — arcsin v 

oo 

Y,c k ((« + w) k - v k ) 




k-l 



arcsm \\v\ 



< £ 



if \\w\\ = || sin A — sin-B|| < 5. 

We finally discuss the numerical range condition. If V{A) C R, then the 
spectrum a (A) is also contained in R |Q, p. 19]. Now sini? is a subset of the 
open unit disk. Hence arcsin(sin z) = z for z G cr(A) C R, and we deduce 
by the functional calculus that arcsin(sin A) = A. □ 

Lemma 2.2 Let X be a Banach space, J C C(X) a two-sided ideal and P 
a projection onto a complemented subspace E of X which is isomorphic to 
X. 

(a) IfPeJ, then J = C(X). 

(b) If E is C -isomorphic with X and J contains an operator T with 
\\T - P\\ < (CjlPH)- 1 , then J = C{X). 

Proof, (a) Let j: E — > X denote the canonical embedding and let E — > X 
denote an isomorphism. Then Id = (&P)P(j&~ 1 ) G J . 

(b) We retain the above notation and let S = (^P)T(j^ 1 ) G J. Then, 
if ||$|| ll^- 1 !! < C, 



\S-Id\\ 



thus S is invertible and Id 



< \m \\P\\ \\T-P\\ ||* - 

< C\\P\\ \\T-P\\ < 1; 

SS- 1 G J. 



□ 



Lemma 2.3 Let 1 < p < oo and let if and ip' be bimeasurable bijective 
transformations on [0,1] and A and X' be measurable functions on [0,1]. 
Suppose I: f i — > \-fo<p and J: f i— > X' ■ f oip' are two isometric isomorphisms 
on L p such that {ip ^ <p'} has positive measure. Then \\I — J\\ > 2 1 / p . 
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Proof. It is enough to prove this for J = Id, that is, for A' = 1 and tf/(u) = oj. 
By Lusin's theorem, {uj: tp(u>) ^ u} contains a compact set C of positive 
measure such that ip\ c is continuous. A compactness argument now yields 
some compact subset A C C of positive measure such that (p(A) D A = 0. 
Pick a so that / = ax<p(A) ^ as norm 1. Then ||//|| = 1, If and / have 
disjoint supports and thus \\If — f\\ = 2 1 / p . □ 

We now state and prove the main theorem of this section. 

Theorem 2.4 If 1 < p < oo and p ^ 2, then there are no nontrivial M- 
ideals in C(L p ([0, 1], C)). 

Proof. Let {0} ^ J C C{L p ) be an M-ideal. Since L p and its dual are 
uniformly convex, J is a two-sided ideal ||. We shall show that Id E J, 
thus proving our claim that J = C(L p ). 

In fact, by Lemma |2.2| it is enough to show that some characteristic 
projection Pa- f i— ► XAf, for some Borel set of positive measure, is in J . 
This suffices because then L p (A) is isometrically isomorphic to L p [0, 1] 
p. 321]. 

We now let < i] < 0.1 be a small number. (It will become clear in due 
course how small r] should actually be.) By |l^, Th. V.5.4] J contains an 
operator T with ||T|| = 1 and V(T) C [—77, 1 + rj\ x [—77,77] i. We are going 
to show that this 'almost' hermitian operator T is close to an hermitian 
operator / 1— > hf; and we will eventually prove that Pa £ i7 for ^4 = 
{h>\}. 

We first apply Theorem 4 from P, p. 28] to obtain that 



JtT 



<l + a\t\ V|i| < 1, 



where a = a{rj) — > as 77 — > 0. That is, for small enough 77 and \t\ < 1, the 



operators e l * T are small bound isomorphisms: 



1 



I/Il< 



e itT f 



< (1 + a 



1 + a 

By a result due to Alspach 0, e** T is close to an isometric isomorphism It: 



e ltT -h </3, 



where (3 = 73(77) — > as a(n) — > 0. But the isometric isomorphisms on L p , 
p 7^ 2, are known to have the form 



hf = h - f ft 
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for some measurable function Aj and some bimeasurable bijection (ft JL9| , 
p. 333]. Note that by Lemma |2.3| \\It — I 8 \\ > 2 l l p if {ip s ^ (ft} has positive 
measure. This and the fact that (e ltT )t^M is a uniformly continuous group 
of operators show that cp t = ipo for \t\ < 1 provided r] is small enough, and 
we must have that tfo(uj) = lo since e ttT = Id for t = 0. Furthermore, this 
enforces [A*| = 1 a.e. Writing X t = e lht , — tt < h t < it, and M t for the 
multiplication operator / i— ► htf we finally obtain 



AtT 



JM t 



for \t\ < 1. 

Fix t=\. By continuity of inversion we may assume in addition that 



e -iT/2 _ e -iM 1/2 



< P, 



where f3 = 0{rj) — > as rj — > 0. Consequently 

||sinT/2 -sinM 1/2 |j < 0. 

If B denotes the operator of multiplication with arcsin(sin hi/2), then sin B 
= sin Mi / 2 , arcsin(sin B) = B and 1 1 sin _B 1 1 < 1. Also 



sinT/2||<£ 



1 



k=0 



(2k + 1) 



2fc+l 



< sinh 5 < 1. 



According to Lemma 2.1 we have for the multiplication operator M := 2B, 
say / 1 ^ /i/, 

||T - Af || < 7, 

where 7 = 7(77) — > as ?? — > 0. Since ||T|| = 1, it follows that A = {h > ^} 
has positive measure if 77 is sufficiently small. 

Now consider PaJPa-, which can isometrically be identified with a sub- 
space of C(L p (A)). It is straightforward to check that it is an M-ideal 
and thus a two-sided ideal. Moreover, since \\PaTPa — PaMPa\\ < 7 and 
Ml , is invertible with an inverse of norm < 2, it follows that is 

\Lp(A) 

invertible in L p (A) once 7 < ^. Therefore the ideal PaJPa coincides with 
L p (A). This implies Pa £ J, as requested. □ 

In the case p = 2 the M-ideals and the closed two-sided ideals of £(-^2) 
coincide, as already mentioned. Therefore the ideal of compact operators is 
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the only nontrivial M-ideal in £(L2[0, 1]). For the M-ideals in C{L\) and 



see |4]. 



For future reference we record the following result that was established 
in the preceding proof. 

Proposition 2.5 Let 1 < p < oo, p ^ 2. For all 7 > there is some r\ > 
such that, whenever X is a complex L p (n)-space and T G C(X) satisfies 
V(T) C [—1], 1 + rj\ X [—17, 77] i, then there is some hermitian operator M 
satisfying \\T — M\\ < 7. 



3. M-IDEALS OF OPERATORS ON £ p (£%) 

In this section we shall primarily deal with the space £ p (£™), 1 < p, q < 00. 
It is known (e.g., H] ) that the compact operators form an M-ideal in 
C(£ p (£q)), and in []|] Cho and Johnson exhibit an ideal in C(£ p (£^)) that 
fails to be an M-ideal. Actually, they conjecture that the compact opera- 
tors are the only M-ideal. Here we offer a proof of this conjecture in the 
case of complex scalars. 

The following lemma will turn out to be useful; for related results see 

i- 

Lemma 3.1 There is a constant C such that, whenever (/tVi) ^ & scQucncc 
of positive integers with limsup& n = oo ; then i p (ig) is C -isomorphic to 
£ p (£ k q "). 

Proof. Let E\,E2,.-- be an enumeration of the ^-spaces in which each 
£q-sp&ce is repeated infinitely often, and let X = £ p (E n ), Y = £ p (£q n )- It is 
enough to show that X is C"-isomorphic to Y for some universal constant C. 
This follows immediately from an application of Pelczyhski's decomposition 
method |l5| , p. 54], since there are subspaces U C X, V C Y and natural 
isometric isomorphisms X = £ P {X), X = Y p U, Y = X V. Note that 
X and V are in fact complemented by contractive projections, so Y is 4- 
isomorphic to X © p V. Thus the decomposition scheme yields the desired 
isomorphism with C' = 16. □ 

And now for a technical lemma. 

Lemma 3.2 Let 1 < p < 00 and let (E n ) be a sequence of finite- dimensional 
Banach spaces. Let denote the canonical finite-rank projection from 
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£p{E n ) onto E k . Suppose T € C(£ p (E n )) satisfies sup k \\PkTPk\\ < e for 
some e > 0. Then there is a subsequence (k n ) of the positive integers such 
that the inequality 

\\PTP\\ < 3e 

holds for the canonical projection P from £ p (E n ) onto £ p (E kn ). 

Proof. We first establish two claims. 

Claim 1. For all (3 > and all k € N there exists mi € N such 
that for all m > m\ 



l>m 



This holds since (J2i> m Pl)m 1S uniformly bounded, converges to pointwise 
and thus converges to uniformly on the compact set TPk(B), where B 
denotes the unit ball of £ p (E n ). 

Claim 2. For all (3 > and all A; G N there exists ni2 € N such 
that for all m > ni2 

\\P k TP m \\ <P- 

This holds since P^ -> pointwise and thus \\P k TP m \\ = \\P^T*P^\\ -> 0. 

We now construct the desired sequence inductively We put k\ = 1. 
Suppose ki, . . . ,k n have already been constructed. We apply Claim 1 with 
k = k n , (3 = e/2 n , and we pick £? n+1 > mi so that 



2«+i ' 



which is possible by Claim 2. Then the resulting sequence (k n ) satisfies 



j>n 



< 



E P l TP kn 
l>k n +l 



< 



Furthermore by assumption on T 



Y Pk TP k 

n=l 



sup||P fc „TP fc „|| <£, 

n 
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since J2n,Pk n TPk„ is a block-diagonal operator. Therefore, 



\ptp\\ < EEil p ^ Tp fcJl + 

n=l j<n 

oo oo 

n=l n=l 

= 3e. 



oo 


oo 




y Pk TP k 

/_ j fori ™7i 


+ E 




n=l 


n=l 





□ 



Theorem 3.3 Consider the complex Banach space £ p (£g] 
Then K,(£ p (£f)) is the only M-ideal in C{1 



1 < p, q < oo. 



Proof. We have already pointed out that /C(l p (l" )) as a matter of fact is 
an M-ideal. Moreover, it follows e.g. from pi] , Th. 4.4] that an M-ideal 
J' 7^ {0} contains )C(£J£g)), and since £ p (£g) and its dual are uniformly 
convex, we know from || that an M-ideal in C(£ p (£g)) must be a two-sided 
ideal. 

Let us now assume that J is an M-ideal in C{£ p {Pl)) strictly containing 
K{t p {t%)). We have to prove that J = C{l p {£™)). We first claim that an 
operator T G C(£„(£%)) factoring through l p belongs to J. In fact, let us 
write T = T 2 Ti with T x G C(£ p {^),£ p ) and T 2 G £{£ p , £ p {£%)) . Now J 
contains a noncompact operator S. The proof of |jT5|, Prop. 2.C.3] shows 
that S acts as an isomorphism on a complemented copy E of £ p , and -F = 
S(E) is complemented, too. Let ir: £ p (£g) — > E and a: £ p ( 
projections. Then ir = (S~ 1 a)Sir G ^7, and letting <E>: £ p 
isomorphism, we see that T = T 2 T 1 = T 2 <S>~ 1 ir$T 1 G J. 

Next we observe that it is enough to prove the theorem under the as- 
sumption that q < p; the remaining case q > p then follows by duality. We 
may also assume that q ^ 2. Indeed, £ p {P-2) is known to be isomorphic to 
a complemented subspace of £ p and thus isomorphic to £ p itself. But the 
compact operators are the only closed two-sided ideal in C{£ p ) (see the above 
claim); hence K,(£ p (p2 )) is the only M-ideal in L{JL p {p^)\ since every M-ideal 
is an ideal. So we will suppose that q < p and q ^ 2 in the remainder of the 
proof. 



— > F denote 
E denote an 



We need some notation. We will denote the unit vectors in £, 



k G N, 1 < I < n. It is clear that E\ = 
If (? < Pi then the identity map from 
natural operator A mapping £ p (£ T q l ) to i 



by e M , 

■ linjefci: k G N} is isometric to £ p . 
to £ p is contractive; thus there is a 
' p (£%) £ p ^ Ei. We can think of 
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this operator A as an element of C(£ p (£' q )), and by construction A factors 
through £ p . Consequently A G J~, \\A\\ = 1, and also ||-Aefei|| = 1 for all k 
and I. 



At this stage we invoke a result from [23| saying that there is a net 



(H a ) C J converging to Id in the o~(£, l 7*)-topology such that 

limsup \\±A + (Id - H a )\\ = 1. (1) 



An application of [12, Th. V.5.4] and a convex combinations technique de- 
scribed there allows us to assume in addition that the numerical ranges 
V(H a ) are contained in small rectangles R a = [—7) a , l+rj a ] x [— rj a , r) a ] i, with 
7] a — > 0. We denote the canonical injection of £ q into £ p (£ q l ) by and the 
projection from £ p (£ q ) onto l k q by Pf.. For each k, V(P)~(Id — H a )jk) C R a ; 
and therefore, by Proposition we conclude that, given e > 0, for large 
enough a all the operators Pk(Id — H a )jk, k = 1, 2, . . ., differ from hermitian 
operators M a k'- £ q — > £ q by less than e/3. Also, from (Q) and the uniform con- 
vexity o£ £ p (£ q ) we infer that (Id— H a )eki — > (since ||^4e^|| = 1), uniformly 
in A; and /. From this we deduce for large enough a that ||M Q fc(e/tz)|| < |e 
for all k and / and thus, since the M a k are hermitian (i.e., multiplication op- 
erators), 11-MafcH < |e for all fc. This means for large enough a and H = H a 

\\P k (Id - H)P k \\ < \\P k (Id - H)j k \\ <e Vk G N. 



Hence Id—H meets the assumption of Lemma p,2| . That lemma provides 
us with a sequence (k n ) such that for the canonical projection P from £ p (£ q ) 
onto £ p (£**•) 

\\P - PHP\\ = \\P(Id - H)P\\ < 3e. 



Since PHP G JT, an appeal to Lemmas p.2| (b) and 3.1 finishes the proof 
of Theorem |3.3| provided we have chosen e < ^j, where C is the constant 
appearing in Lemma 3.1. □ 



A similar, but technically simpler argument yields the following result. 

Proposition 3.4 Let 1 < p < oo, and let X be a uniformly convex Banach 
space isomorphic to a subspace of £ p . Suppose J C C(X) is a closed ideal 
strictly containing JC(X). If J is an M -ideal, then J = C(X). 



Proof. As in the proof of Theorem 3.3, we argue that J contains all 



up 



factorable operators. Since X embeds into £ p , X contains a subspace iso- 
morphic to £ p . Let ^: X — > £ p and <£: £ p — > X denote (into-)isomorphisms, 
and let A = Then A factors through £ p , and hence A G J . 
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We may assume that ||^4|| = 1. There is some e > such that e||x|| < 
\\Ax\\ for all ifl. Again, there is a net (H a ) C J such that 

limsup||±A+ (Id- H a )\\ = 1. 

If a is large enough and H = H a , we have by uniform convexity for some 
S > that || (Id — H)x\\ < 1 — 5 whenever ||x|| = 1. Hence \\Id — H\\ < 1, 
and i7 contains an invertible element. This proves that J = C(X). □ 

We recall that IC(X) is an M-ideal in C(X) if X is isometric to a subspace 
of l p and has the metric compact approximation property. 

We finally mention some problems suggested by our work. 

(1) The results in sections 2 and 3 support the conjecture that K.(X) is 
the only candidate for an M-ideal in C(X) if X is isometric to a subspace 
of L p . Does this conjecture hold? 

(2) In the other direction, it would be interesting to find an example of 
a uniformly convex Banach space X and an ideal )C(X) ^ J C C(X) which 
is a nontrivial M-ideal. It is also still open whether, for a uniformly convex 
Banach space X, every M-ideal in C(X) is a two-sided ideal. (An M-ideal 
is known to be a left ideal if X is uniformly convex ||.) 
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